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A coherent superposition of many nuclear spin states can be prepared and manipulated via the 
hyperfine interaction with the electronic spins by varying the Landau level filling factor through 
the gate voltage in appropriately designed Quantum Hall Ferromagnet. During the manipulation 
periods the 2D electron system forms spatially large Skyrmionic spin textures, where many nuclear 
spins follow locally the electron spin polarization. It is shown that the collective spin rotation of a 
single spin texture is gapless in the limit of zero Zeeman splitting, and may dominate the nuclear 
spins relaxation and decoherence processes in the quantum well. 

PACS numbers: 73.43.-f, 03.67.Lx, 71.70.Ej, 76.60.-k 



I. INTRODUCTION 



' ^ 'The emerging fields of quantum information processing 
bind quantum computing (QC)i have stimulated recently 
flurry of activity in the established fields of atomic 
1 — atad condensed matter physics, approaching fundamen- 
tal questions, such as the influence of measurement on 
^cniantum mechanical systems or the meaning of phase 
^coherence in interacting many particle systems, from a 
Q^tinkingly new point of view. Experimental realization 
fTpf QC has been so far successfully achieved, however, 
C^fcrily in devices consisting of a few qubits. 

.The idea presented in this paper should not be con- 
sidered as a proposal for building any kind of quantum 
- — computer. Instead it addresses the general problem of 
^iow to store and manipulate a large number of qubits 
Cjvithout losing their phase coherence. This is done with 
irespect to a concrete physical system consisting of nuclear 
' <_&pins in semiconducting heterojunctions under the condi- 
tions of the odd integer Quantum Hall (QH) effect. Our 
proposal has been motivated by the set of experiments, 
. reported in2i4, where the Knight shift, K$, and the spin 
^lattice relaxation time T\ of the 71 Ga nuclei in GaAs 
k>*nultiple quantum well (MQW) structure under perpen- 
jjjlicular magnetic field were detected by means of the op- 
tically pumped NMR technique. The electronic Landau 
level filling factor was varied in these experiments by tilt- 
ing the magnetic field axis with respect to the 2D layers. 
The Knight shift was found to reduce dramatically as 
the filling factor was shifted slightly away from v = 1, 
indicating that the injection of a single charge into the 
2D electron system is followed by reversal of many elec- 
tronic spins. In the same interval of the filling factor the 
relaxation time was found to drop by several orders of 
magnitude with respect to its value in the quantum Hall 



ferromagnetic ground state. 

Both effects are considered as strong evidence for the 
creation of skyrmionic spin texture^ in the electronic spin 
distribution as the filling factor shifts slightly away from 
unity, and indicate the crucial importance of the hyper- 
fine interaction in controlling the nuclear spin dynamics. 
Since the hyperfine interaction is the dominant coupling 
of the nuclear spins to their environment they may be ex- 
ploited as quantum bits (qubits), provided the environ- 
ment, that is the 2D electron gas, is in a nondissipative, 
coherent quantum state ( e.g. like the QH ferromagnetic 
state at LL filling factor v = 1 at low temperature^) . 
Furthermore, as will be shown below, near v = 1 it may 
be possible to manipulate coherently a large number of 
nuclear spins through the hyperfine interaction with the 
electronic spin texture by varying a single parameter , 
such as the Landau level filling factor, through changes 
in the gate voltage. 

At filling factor v = 1 the ground state of the 2D 
EG is ferromagnetic even in the limit of zero Zeeman 
energy 7 . Flipping nuclear spins in this state through the 
hyperfine interaction is followed by the creation of spin 
excitons S j 9 . The energy cost of this excitation can be 
minimized if both the electron and the hole are created 
at the nuclear position, where the energy gain associated 
with the e-h Coulomb attraction is exactly compensated 
by the exchange energy of the hole. Yet, the remaining 
small Zeeman energy (on the electronic energy scale) is 
a huge energy gap for the nuclear spins. The extremely 
long spin-lattice relaxation time observed by Barrett et 
aliLl may be due to this energy gap (see below, however). 
Overcoming the Coulomb attraction by increasing the e- 
hole distance leads to increasing the exciton transverse 
momentum. The corresponding excitation energy scales 
with the Coulomb energy, which is ~ 100K , that is much 
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larger than the Zeeman splitting. The spin exciton spec- 
trum is strongly influenced by long range electrostatic 
potential fluctuations, which can trap the electron and 
the hole separately in local potential wells and so reduce, 
or even completely remove the energy gapiS. 

Slightly away from v — 1 the lowest energy state of 
the electron gas is a spin texture, in which the aver- 
age spin distribution is smoothly twisted in space in or- 
der to minimize the exchange energ^. The size of the 
twist is determined by the Zeeman energyii* 1 ^ 3 .. Micro- 
scopic calculations, based on Hartree-Fock (HF) approxi- 
mation for a single, isolated Skyrmioniii 4 * 1 ^, have found 
a family of low energy excitations, with an approximately 
quadratic relation between the energy and the number of 
flipped spins, K , which can be associated with the ki- 
netic rotational energy of the entire spin texture about 
its symmetry axis. However, except for the special case 
where K is a half integer, the spectrum has an excitation 
gap, which is some fraction of the large Coulomb energy 
scale. To account for the observed enhancement of the 
nuclear relaxation rate, these authors have suggested 1 - 
that at filling factor slightly away from v = 1, where 
there is a finite density of Skyrmions, the ground state 
is a Skyrme crystal, for which the spin waves spectrum 
is gapless due to the breakdown of the global spin ro- 
tation symmetry. This appealing interpretation is hard 
to reconcile with the latest optically pumped NMR (OP- 
NMR) measurements^. Based on this OPNMR data, the 
many-Skyrmion state does not appear consistent with the 
closed packed periodic lattice described ini&. Instead, it 
was suggested^ that the Skyrmions' tail is drastically 
reduced, e.g. due to the effect of disorder potential^, 
leading to some kind of spatially inhomogcncous state of 
nearly independent pinned Skyrmions. 

This conclusion motivates us to carefully reexamine the 
problem of spin excitations in a single Skyrmioniii^i^. 
Our study has shown that the excitation gap in the collec- 
tive rotational spectrum of a single Skyrmion goes to zero 
when the Skyrmion radius tends to infinity, and that for 
the characteristic Skyrmion sizes found experimentally 
the gap is a small fraction of the Zeeman energy scale, 
rather than of the large Coulomb energy scale, as claimed 
previously. This is done within the framework of a phe- 
nomenological approach, similar to that taken by Girvin 
et al — , which is based on microscopic HF calculation. 
The influence of these low-lying electron spin excitations 
on the nuclear spin polarization and phase coherence via 
the hyperfine interactions is then discussed. 



MQW structure 



II. THE MODEL 



We start our analysis by considering the Hamiltonian 
for nuclear spins interacting with 2D electron gas in 



H = -h ln ^% ■ B - h le J d 2 rS (r) • B + H ee + H e 



where 



(1) 
(2) 



Here Ij is the nuclear spin operator located at Vj , S (r) 
is the electronic spin density operator, Bo is the ex- 
ternal magnetic field, which is assumed to be oriented 
perpendicular to the 2D electron gas ( Bo = BqZ ) , 
H ee is the electron-electron interaction, 7„ = g n /i n /7i 
and 7 e = g e /is//i the nuclear and electronic gyromag- 
netic ratios respectively, and A — ^-g n ^ n go^B |wo(0)| 2 
is the Fermi contact hyperfine coupling constant. In 
this expression u (0) is the periodic part of the Bloch 
wavefunction at the nucleus, and go is the g- factor of 
a free electron. We use the standard normalization 
J \uq (r)| 2 d 3 r = v, where v is the volume of a unit cell 
in the crystal. 

The manipulation of the nuclear spins is carried out 
through spin flip-flop processes, associated with the 
'transverse' part of the interaction Hamiltonian H m ( 



S+{r 3 ) 
, and S+ (r) 



Eq.© ) , i.e. ^AJ2j [Ij,+S- (tj) + Ij, S ( r, i . wliciv 

(r) ^ (r) , S- (r) = ^{ (r) ^ (r). Here & (r)_ , & ( r ) 
are the electron field operators with spin projections 

The strength of the hyperfine coupling constant can be 
estimated by using the expression 
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K s = -rA(S z (r,-)> w a (n 2D /2Trl) 



(3) 



for the Knight shift at filling factor v = 1, where a = A/H 
, ri2D is the areal density of the 2D electron gas, and 
/ is the width of the QW. For the 31 Ga nucleus (with 
g„ w .27) in GaAs \uo (0)| 2 ~ 10 4 , and for the parameters 
characterizing the sample used by Barrett et a&,i.e. I ~ 
30nm , and n2D = 1.5 x 10 11 cm -2 , one finds Kg ~ 10 4 Hz 
, in good agreement with Ref. 3 . 

In the framework of the model just described, we will 
now show how, by varying the LL filling factor, a large 
number of nuclear spins can be prepared in a state ap- 
propriate to start quantum computation. A number, n 
, stored in the memory of a hypothetical quantum com- 
puter made of nuclear spins, may be described as a direct 
product of N pure nuclear spin states 

|n) = |m) <g> |n 2 ) <g> ... ® \tin) 

where \rij) = J2<r=±i ^n jt a , S nj ,a is the Kronecker 
delta , and \j, a) is a nuclear state with spin projection a 
for a nucleus located at Tj . To carry out a quantum com- 
puting process, however, a coherent superposition of such 
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products , i.e. — J2n=i a « l n )' should be prepared at 
time t = 0. This superposition may be represented more 
transparently for our purposes by the direct product of 
N mixed spin up and spin down states, 



Thus, the nuclear spins distribution follows the distri- 
bution of the electronic Skyrmion spin texture. The key 
parameter here is the local mixing parameter 



N 



|^(t = 0)> = IJ®(ti J -|i,t> 



i& = (A/mj) \S+ (r,)| = (2wK 8 /Slj) S + (tj) 



with the normalization \m\ + \v K 



1. 



'3 I I 3 I 

While the hyperfinc coupling with the electron spins is 
the dominant interaction of the nuclear spin qubits sys- 
tem with its environment, it is only a weak perturbation 
to the electron spins system. Thus, at a temperature 
which is much lower than any electronic energy scale in 
this system, the electronic spins at LL filling factor v 
should be in the corresponding ground state, |0;z/). One 
may, therefore, construct an effective nuclear spin Hamil- 
tonian by projecting the combined nuclear-electronic spin 
Hamiltonian, Eq.Q, on the ground electronic state, 
|0;f). The resulting effective nuclear spin Hamiltonian 
can be written as: 



N 



Tin 



B n 



N 
3 = 1 



where S (r) = (0; v | S (r) |0; v) is the expectation value of 
the electronic spin density in the ground electronic state 
at filling factor v. 

The corresponding state of the nuclear spin system 
can be found by considering Uj and Vj as variational 
parameters, and then minimizing the energy functional 
£n= (M T^n |"0)j w ith respect to Uj , Vj . As noted above , 
at v = vq 7^ 1 , S (r) has nonzero transverse components, 
associated with the skyrmionic spin texture, smoothly 
varying in space. 

A simple calculation shows that 

£n=\ £ {Slj (N 2 - \ U] \ 2 ) + [AvrfS- (Tj) + C.c] } 



where ftj = 7„£?o ~ aS z (r,) is the local nuclear Zee- 
man energy. The extremum conditions ( subject to 
the normalization \uj\ 2 + \vj\ 2 = 1 ) are readily solved 



to yield: \vj\ 2 , \uj\ 2 



where e,- 



ft 2 J7| + A 2 \S+ (rj)\ . In this state the nuclear spin 

polarization (ip\ lj \ip) follows the underlying electronic 
spin texture; the transverse component takes the form 

= (i>\ 4+ W) = = ±l AS + ( r j) / £ 3 (4) 



whereas the longitudinal component is 



Ij,z = {lp\Tj,z\lp) = 2 



n.j\ 2 - \v.i\ 2 ) = ±^W,j/ej 



with S+ (rj) = ^o/i) ' w hich determines the local devi- 
ation of the nuclear spins state from a pure ferromagnet. 
Thus, for r)j <g; 1 the many nuclear spin state is very close 
to a pure ferromagnet. In the opposite extreme limit, 
rjj 3> 1 , all individual nuclear spin states are equally 
probable, i.e. \vj\ 2 = \uj\ 2 — > 1/2 , and so one gener- 
ates an ideal starting state for quantum computing—. As 
we shall see below, this extremely strong mixing condi- 
tion is not realistic. In the intermediate situation, where 



1 almost everywhere, the distributions \vj 



vary moderately around the mean value 1/2. 

The condition for achieving such a desired situation 
is, therefore, two folded : (1) The average Knight shift, 
Ks , should be comparable to the average nuclear Zee- 
man frequency, £1 , i.e. (2irKs/£l) ~ 1; and (2) the 
transverse component of the normalized electronic spin 



density, 



should be of the order one over a large 

spatial region (namely a region consisting of many nu- 
clear spins ) . Usually the Knight shift is a small fraction 
of the NMR frequency, so that the first condition is not 
easily fulfilled. An exceptional example will be discussed 
toward the end of the paper. The second condition is 
satisfied by large skyrmionic spin texture (i.e. for suffi- 
ciently small effective g- factor). 

Let us now outline very briefly a scenario for manip- 
ulating many nuclear spins in MQW by varying the LL 
filling factor. Very fast changes of the filling factor can be 
achieved without overheating the nuclear spins system, 
by varying the gate voltage. The process might start at 
an early time, t = — To, when the filling factor was tuned 
at v = v o , slightly away from v = 1, and then kept 
fixed until t — 0. If the 'waiting' time To is much longer 
than the ( relatively short) relaxation time T\ (y = vq), 
then at t = the nuclear spins would be settled in their 
ground state corresponding to the electron gas at filling 
factor v — uq. By so doing the nuclear spin qubits are 
prepared in a state which is an appropriate initial state 
for quantum computing. However, to shield the nuclear 
spins from decoherence due to the low-lying electronic 
spin fluctuations, which are present at v = vq ^ 1, the 
filling factor may be quickly switched back to v = 1 (i.e. 
on a time scale shorter than T\ (y = Vo)), so that the nu- 
clear spins are trapped in their mixed, textured state, 
unable to relax for a long time to the pure ferromagnetic 
ground state dictated by the electron gas at v = 1, since 
T\(y = 1) is extremely long. 
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III. COLLECTIVE MODE 

As discussed above, during the manipulation cycle, 
when the nuclear spins have relatively short relaxation 
and dephasing times, their dynamics is controlled by the 
low-lying spin fluctuations of the electron gas through the 
hypcrfine interaction. For a single, isolated Skyrmion the 
rigid rotation of the entire spin texture about its symme- 
try (Z) axis is a zero mode, which can be responsible 
for such low energy fluctuations. The generator of this 
rotation, L z , is the Z-component of the angular mo- 
mentum of the entire spin texture. To find a 'classical' 
Hamiltonian for this rotational motion in the electronic 
spin space, one may exploit the Hartree-Fock approxima- 
tion for the Skyrmion energy near filling factor v = 1 , 
consisting of Coulomb +Zeeman +nommiformity energy, 
that is±£: 



Etot (R) 



SttV e 2 frfRY, (2l sk 



where R is a variational parameter describing the 
Skyrmion core radius, l s k is the length scale correspond- 
ing to the Skyrmion's tail, = 2y^| \g\a>B/l H , as = 

Kh 2 /moe 2 is the effective Bohr radius (mo being the 
free electron mass, and k- the dielectric constant), and 
Ih = v ch/eH-the magnetic length. 

The Zeeman energy associated with the reversed spins 

is 

where, L z = L z /h , and e stands for the natural log- 
arithm base, so that the total number of reversed elec- 
tronic spins in the Skyrmion is related to the core radius 
R through the expression: 



R )ln( 2lsk } 
Ih) n \VERj 



(6) 



Minimization with respect to R yields for the equilib- 
rium core radius: 



2^R\ q 



H 



while the second derivative 
(^^)ln(^),orbyEq.©: 



,11! 



■E t , 



U 



-E t , 



\9\HbH) 



IhY 31n(3fr) 



R. 



eq 



Expanding the energy, Eq.JSJ), up to second order in 
L z about its equilibrium value, K, that is writing 



Et. 



(Lz) =E tot (K) + \u{L. 



K 



the second term on the RHS corresponds to the 'clas- 
sical' rotational energy of the entire spin texture about 
its symmetry axis. At the classical level any deviation of 
L z from its equilibrium value K corresponds to a contin- 
uous deformation (or more precisely a uniform contrac- 
tion or expansion ) of the Skyrmion with respect to its 
equilibrium configuration, thus conserving its topological 
charge, but increasing the Skyrmion energy with respect 
to its equilibrium value. The collective rotation of the 
Skyrmion in spin space is therefore reflected as a radial 
expansion or contraction in orbital space. Quantization 
of this rotational motion can be achieved by replacing 
L z — > , where ip is the rotation angle, which yields 



1 

El rot = -^U 



ld_ 

i dip 



- K 



(8) 



Note that since K = (0; v\ L z |0; v) jh , its value usually 
does not coincide with any (discrete) eigenvalue of the 
operator so that the spectrum of H rot has usually 

a gap of the order of the rotational energy constant, U 
. Remarkably the above estimate, Eq.Q, shows that 
for a large Skyrmion, R eq Ih , U is a small frac- 
tion of the Zeeman energy e sp — \g\ [IbH , that is 

^ £s p- The fr action > (if - ) ' tends to 



U 



' sp 



zero as the Skyrmion core radius becomes macroscopic, 
reflecting the macroscopic inertial mass associated with 
the collective rotation of a macroscopic spin texture. Us- 
ing the equilibrium value R eq as a function of the g- factor 

obtained above, we find that ("r 2- ) ~ 2 |g| 2 ^ 3 , where 

g = g f ) . For a typical experimental value of the ef- 
fective electronic g-factor, g ~ .002 , it is found that U ~ 
3 x 10- 2 e sp . 

It is interesting to note that the magnetic field de- 
pendence of [/, expressed by Eq.Q, indicates similar- 
ity of the collective rotational motion to precession of 
a magnetic moment in a magnetic field. Indeed, by 
equating the classical expression for the rotational en- 
ergy, H rot = (jjf) , to the energy scale, U , of the 

spectrum of the rotational Hamiltonian, Eq.©, we find 
for the angular velocity 

3H 



~ U/H = 
dt J 2M scol c 



with 



M scol = (2 |5| 2/3 \g\) 1 



mo 



(9) 



This is an expression for an effective Larmor frequency 
for precession of the entire spin texture about the exter- 
nal magnetic field axis, with an effective mass, Eq.JSJ), 
which diverges with vanishing g-factor like g~ 5 ^ 3 - For 
typical experimental values, g ~ .002 , we find that 
M 8CO i/m ~ 10 4 . 
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In addition to the collective rotational motion of the 
entire spin texture just described, the internal degrees 
of freedom of the spin texture can also be excited, e.g. 
as spin waves associated with single electron-hole pair 
excitations (spin-excitons)^. The above consideration 
shows that for a sufficiently large Skyrmion the energy 
gap ,e sp , of the spin- waves is much larger than that of 
the collective rotational spectrum. This separation of 
energy scales may be expressed explicitly by writing the 
transverse electron spin density in the form: 



(r, t) = —n (r, t) = —n (r, t) e ilp{t) 



4tt 



47T 



(10) 



where ip (t) is the instantaneous collective rotation an- 
gle, and n (r, t) stands for all the other degrees of free- 
dom in the electronic spin space. It can be derived by 
expressing the phase of n (r, t) — \n (r, t)\ e l9 ( r '*) as a 
Fourier series 9{r,t) — X^k^o (t) e lk r + 8 (i), and 
identifying the uniform term, 9q (t) , with ip (t), so that 
n(r,t) = \n (r, t) | exp fe k#0 9 k (i) e lk " 



IV. NUCLEAR SPIN DYNAMICS 

Let us, finally study in some detail the influence of 
these electron spin excitations on the dynamics of nu- 
clear spins via the hyperfine interaction investigated in 
our model. The processes of nuclear spin relaxation and 
decoherence are reflected in the time dependence of the 
average /+,_ = (J +! _), where the brackets (...) stand for 
the state of the combined system of the nuclear and elec- 
tronic spins ( see Ref£) . Exploiting the adiabatic approx- 
imation, which is valid when the effect of the hyperfine 
interaction is so weak as to be neglected beyond the lead- 
ing order, which is the first order in the calculation of the 
nuclear spin eigen-energies, and the second order in the 
calculation of relaxation and decoherence. Thus we have 
for the transverse component of the nuclear spin located 
at r, up to second order of the corresponding perturba- 
tion theory^: 



(11) 
- t] I+(r,t) 



where the symbol {,} stands for anticommutator, and 
the averaging is performed over the ground state |0) of 
the electronic system. The local NMR frequency f2 (r) cor- 
responds to the unperturbed precession of the nuclear 
spin in the external static magnetic field (with the fre- 
quency w = 7„-Bo) and the first order correction due to 
the local hyperfine interaction ( the Knight shift ), i.e. 

0). Note that the corre- 



Q (r) = 7 „B - a ^0 S z (r) 

sponding correction due to the transverse component of 
the hyperfine field is neglected in Ea. Qllf) . Note also that 



in the framework of the adiabatic approximation, used in 
the derivation of Ea. (|ll|l . the weak time dependence of 
the operator J + (t) ,due to depolarization, is neglected ( 
so that ?+(t) ~ J + (t)e fo ( T -*) ). 

The resulting equation, (| 1 1 |t , is solved by 



7 + (r,f)=J+(r,0)e 



-r(r,i)-ifi(r)t 



(12) 



where 



and 



T (r, t) = Re f (r, t') 
Jo 



a 

T 



{S + (r,t),S_(r,T)}|o) 



At filling factors slightly away from v = 1 , where 
the density of Skyrmions is small and the interaction be- 
tween them can be neglected, 5+(r, t) may be written in 
the form describing a single Skyrmion centered at 
r = 0. On the large time scale relevant to the nuclear 
spin dynamics of interest here, when the internal degrees 
of freedom of the spin texture are essentially frozen, it 
is possible to neglect the time dependence of n (r, t) in 
Ea. l|10() (by writing n (r, t) » n (r) ) , so that: 



£(r,i)«(|-|n(r)|)' 



dT g«*(T-t) 



(»l{ 



where e il?(t) = e *H rot /h e i V e -itH TOt /h ^ A straightforward 
algebra yields: 



J<p(t) _ p up 



e lip exp <^ i—t 



u 



l-2\i-?-+K 

dip 



(13) 



so that the correlation function (0 | {e i?(t) , e~^ (r) } 0) = 
2 cos [USK (t - t) /h], where 5K = [K] - K , and [K] is 
the integer closest to (K — 1/2). Consequently, one finds 
that 



r(r,t) = 2(|L|n(r)| 



2 l-cos[(USK/h-w)t] 
(USK/h-wf 



(14) 



This expression shows that as long as the rotational 
energy gap f/l&K"! is much larger than the nuclear Zee- 
man energy hw, the off-diagonal element of the nuclear 
spin density matrix (i.e. the coherence) does not decay, 
but oscillates very quickly (i.e. with frequency U \SK\ /h 
) between J+(r,0) and i+(r, Q) e -(A\s + (v)\/usK) 2 _ It 
should be stressed that in deriving Ea. (|14f) the inter- 
action of the electronic system to its environment was 
completely neglected. This coupling should lead to some 
energy dissipation, which results in damping of the oscil- 
latory component of T (r, t) , so that for sufficiently long 
times, I+(r,t) -> /+(r, o) e -(A\S + (v)\/uSK)\ 

As discussed above, the effective electron g-factor 
can become locally sufficiently small to make the local 
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FIG. 1: The real exponent of the coherence (off diagonal 
element of the density matrix) of nuclear spin as a function of 
time in QH ferromagnet, for Ec/£sp = 32 (see text), showing 
incomplete decoherence due to virtual electronic spin wave 
excitations. 



Skyrmion radius large enough, so that the corresponding 
rotational energy gap U becomes comparable to the nu- 
clear Zeeman energy hzu. For such a large Skyrmionic 
spin texture the extremely slow collective spin rotation 
leads to a complete loss of coherence of nuclear spins via 
the hyperfine coupling. Under this condition the decay 
is Gaussian, I+(r,t) ~ e -Hn(r)\/s^) 2 t 2 ) with character- 
istic relaxation time T 2 ~ K/A \S+ (r)| = tt/Ks S + (r) , 

which is of the order of 0.1 — 1 milliseconds for GaAs 
MQW. It should be stressed here that the neglect of the 
first order correction due to the transverse component 
of the hyperfine field in Eq. <|ll(l results in the vanishing 
of the equilibrium solution i+(r, t — > oo). The present 
dynamical approach should be therefore modified to take 
into account this correction in order to describe relax- 
ation to the nonvanishing nuclear spin texture, Eq.Q. 

At filling factor v = 1 , where the number of Skyrmions 
vanishes (note that due to spatial inhomogeneity of the 
local filling factor some equal number of Skyrmions and 
anti-Skyrmions can exist even at v = 1 ), the nuclear spin 
dynamics is controlled by the coupling to the well known 
gapped spin waves. In the presence of the gap the vir- 
tual flip-flop excitations of electronic spin waves via the 
hyperfine interaction ( which are the vacuum quantum 
fluctuations of the QH ferromagnet) lead to decoherence 
of the nuclear spin states, i.e& 



kdke- k /2 



Y{v, t)=Y{t) = (hKs) 2 x 
1 - cos([e ex (k)/H - w\t) 



[£ex(k) 



(15) 



and 



5 (ft) « e sp + jeck 2 , for k — kl H < 1 
Ec = \Jk/2 (e 2 / kIh) is the Coulomb energy. Similar 
to the case of the collective mode with the large ex- 
citations gap, discussed below Eg. 1 (13)1 . in the present 
case the coherence does not decay to zero at any time. 
In contrast to the effect of the undamped collective 



mode, however, the presence of a continuous band of 
spin waves above the Zeeman gap e sp results in some 
irreversible loss of coherence. This decoherence occurs 
on a very short time scale:- the precession period of the 
electronic spin, 2tt/lu sp , whereas for longer times the co- 
herence undergoes damped oscillation (with frequency 
ui sp ) about a nonzero valued (see Fig.(l) ), that is: 



I + {r,t)e in{ . T ^ 



f + (r,0)exp 

(ec/e ^ 



-2 (sc/ss P ) (hK s /e sp y 



For hK s < £s P {ec/esp) ' (e.g. for GaAs MQW 
hK s I Esp ~ 10~ 7 , and e c /e sp ~ 30 at H = 10 T ), 
the corresponding decoherence is negligibly small. 

In actual heterojunctions the electronic Zeeman gap is 
usually much smaller than the theoretical value. It can 
be further suppressed by applying pressure —, so that the 
situation of gapless spin waves may not be unrealistic 
experimentally. In this case the integral over k in Eq. I|15|) 
becomes in the long time limit t 3> h/sc ■ 



T(t) = 2(hKs)" 



(2n) 2 K 2 s 



kdke~ k2/2 



sm 2 (e c k 2 t/8h) 
(eck 2 /^) 2 



so that the decay of coherence with time is a simple ex- 
ponential, 7 + (r,t)e i °( r ) t -> 7 + (r,0)exp(-t/T 2 ) , where 



T 2 = 



(2tt) 2 {hK s /e sp f 



2tt 



For GaAs MQW this expression yields T 2 ~ 10 3 sec. , 
indicating that the long relaxation times observed experi- 
mentally in the QH ferromagnetic state can be reasonably 
explained by a gapless spin exciton spectrum. 



V. CONCLUSION 

In this paper it was demonstrated how a coherent su- 
perposition of many nuclear spin states can be prepared 
and manipulated via the hyperfine interaction by varying 
the LL filling factor in appropriately designed QH Ferro- 
magnet. During the manipulation periods the electronic 
spins form spatially large spin textures, where the aver- 
age spin polarization in the plane perpendicular to the 
external magnetic field varies smoothly, and the individ- 
ual spins are strongly correlated over large microscopic 
regions. The nuclear spins, which are coupled to their 
environment only via the hyperfine interaction with the 
electron spins, follow the changes in the electronic spins 
system by creating their own spin textures, which repli- 
cate the electronic ones. This effect is expected to be sig- 
nificant only in very special systems, where the strength 
of the hyperfine interaction is comparable to the nuclear 
Zeeman energy. The nuclear spins relaxation and de- 
coherence processes in such states are governed by the 
coupling to collective spin rotational modes of the entire 
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electronic spin textures, which have vanishingly small ex- 
citation gap in regions where the local electronic g-factor 
vanishes. 

It turns out that GaAs MQW, despite its remarkable 
features described above, is not suitable for our purpose. 
The reason is twofold: 

1) The hyperfine coupling constant in GaAs is much 
too small to be effective in manipulating nuclear spins in 
the QW. 

2) The nuclear spin dephasing time in quantum well 
structures based on GaAS/AlGaAs, is expected to be 
much smaller than the shortest value of T\ found in this 
experiments. This drawback is due to the fact that all 
abundant isotopes in this compound (i.e. 69 Ga , 71 Ga 
, 75 As , all with I = 3/2 , and 27 Al with 7 = 5/2) 
have non-zero nuclear spins, so that significant dephasing 
due to dipolar interactions is expected. Indeed, a rough 
estimate for for a solid in which each nuclear spin has 
nearby nuclear spins is in the range of milliseconds^ 2 ^ 



A possible solution for both problems may be found in 
MQW structures composed of Si/Sii^Ge^^: The most 
abundant isotopes of these nuclei have zero nuclear spins 
, so that by purifying the host sample isotopically— , and 
then weakly doping with, e.g. 31 P donor 25 , which has 
I = 1/2, one may reduce the dipolar dephasing to the 
desired low level. 

Furthermore, the hyperfine coupling between the con- 
duction electrons and the 31 P nucleus in the Si host is 
strongly enhanced, due to the high concentration of the 
electron s-orbitals at the donor nucleus. Thus, a Knight 
shift of about 30 MHz, which is comparable to the NMR 
frequency at about IT, can be obtained for Si: 31 P— . 

Acknowledgments: We thank Sean Barret and D. 
Maude for illuminating discussions concerning the exper- 
imental aspects of this paper. This research was sup- 
ported by the fund for the promotion of research at the 
Technion. 



For a review see: A. Steane, Rep. Prog. Phys., 61, 117 
(1998). 

2 V. Privman, I.D. Vagner and G. Kventsel, Phys. Let. A 
236, 141 (1998). 

3 S.E.Barret, G.Dabbagh, L.N.Pfiffer, K.W.West , and 
R.Tycko, Phys. Rev. Lett. 74 , 5112 (1995) 

4 R. Tycko, S. E. Barrett, G. Dabbagh, L. N. Pfeiffer, and 
K. W. West, Science 268 , 14 60 (1995). 

5 For a review see S. M. Girvin, cond-mat/9907002 (1999). 

6 T. Maniv, Yu. A Bychkov, I.D. Vagner, P. Wyder, Phys. 
Rev. B 64, 193306 (2001). 

7 S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. H. 
Rezayi, Phys. Rev. B 47, 16419 (1993). 

8 Yu. A. Bychkov, S. V. Iordanskii and G. M. Eliashberg, 
JETP Lett. 33, 143 (1981) 

9 C. Kallin and B. I. Halperin, Phys. Rev. B 31 , 3635 (1984). 

10 Yu. A. Bychkov, T. Maniv. I.D. Vagner and P. Wyder, 
Phys. Rev. Lett. 73, 2911 (1994); T. Maniv, Yu. A. By- 
chkov, A. Kaplunovsky and I.D. Vagner, Physica B 204, 
134 (1995); Yu. A. Bychkov, T. Maniv. I.D. Vagner and P. 
Wyder, Europhys. Lett. 40, 557 (1997). 

11 H. A. Fertig, L. Brey, R. Cote, and A. H. MacDonald, 
Phys. Rev. B 50 , 11018 (1994);L. Brey, H. A. Fertig, R. 
Cote, and A. H. MacDonald, Phys. Rev. Lett. 75, 2562 
(1995). 

12 Yu. A. Bychkov, T. Maniv and I.D. Vagner, Phys. Rev. B 
53, 10148 (1996). 

13 Yu. A. Bychkov, A. V. Kolesnikov, T. Maniv and I.D. 



Vagner, J. Phys.: Cond. Matt. 10, 2029 (1998). 

4 A. H. MacDonald, H. A. Fertig, and L. Brey, Phys. Rev. 
Lett. 76 , 2153 (1996). 

5 H. A. Fertig, L. Brey, R. Cote, and A. H. MacDonald, A. 
Karlhede , and S. I. Sonhi, Phys. Rev. B 55, 10671 (1997). 

6 R. Cote, A. H. MacDonald, L. Brey, H. A. Fertig, S. M. 
Girvin, and H. T. C. Stoof, Phys. Rev. Lett., 78, 4825 
(1997); A. G. Green, I. I. Kogan, and A. M. Tsvelik, Phys. 
Rev. B 54, 16838 (1996). 

7 P. Khandelwal, A.E. Dementyev, N.N. Kuzma, S.E. Bar- 
rett, L.N. Pfeiffer and K.W. West, Phys. Rev. Lett. 86, 
5353 (2001). 

8 A.J. Nederveen and Yu.V. Nazarov, Phys. Rev. Lett. 82, 
406 (1999). 

9 W. G. Unruh, Phys. Rev. B 51 , 992 (1995) 

:0 G. M. Palma, K. A. Suominen and A. K. Ekert, Proc. 

Royal Soc. London, A 452 , 567 (1996). 
11 D.K. Maude, M. Potemskii, J.C. Portal, M. Henini, L. 

Eavas, G. Hill, and M.A. Pate, Phys. Rev. Lett. 77, 4604 

(1996). 

2 C. P. Slichter, Principles of Magnetic Resonance , 3rd Ed. 
(Springer- Verlag, Berlin, 1990). 

3 R.L. Mieher, in Semiconductors and Semimetals ,ed. R.K. 
Willardson and A. C. Beer, 2, Acad. Press (1966). 

;4 I. S. Shlimak et al, Sov. Techn. Phys. Lett., 9, 377 (1983) 
:5 B. E. Kane, Nature, 393 ,133 (1998) 



